The hybrid approach to quantum computation simultaneously utilizes both discrete and continuous variables which offers the advantage of higher density encoding and processing powers for the same physical resources. Trapped ions, with discrete internal states and motional modes which can be described by continuous variables in an infinite dimensional Hilbert space, offer a natural platform for this approach. A nonlinear gate for universal quantum computing can be implemented with the conditional beam splitter Hamiltonian |e e| (â †b +âb † ) that swaps the quantum states of two motional modes, depending on the ion's internal state. We realize such a gate and demonstrate its applications for quantum state overlap measurements, single-shot parity measurement, and generation of NOON states.
While quantum computers are expected to provide solutions to computational problems deemed classically intractable today, the issue of scability remains a challenge [1, 2] . The estimated number of logical qubits required to perform complex and useful computations range from hundreds to thousands, exceeding present day capabilities [3] [4] [5] [6] . The overhead from implementing error correction codes steepens the requirement further, to thousands and millions [7, 8] of physical qubits.
An alternative means of obtaining a larger Hilbert space can come from considering continuous variables [9] [10] [11] , which in the case of trapped ions, can be realized in motional modes. Naturally offering a large Hilbert space per ion, the use of motional modes allows the continuous variable quantum computation (CVQC) [12] [13] [14] to be adapted to trapped ion systems [15] with well established experimental techniques [16] [17] [18] [19] . A universal set of CVQC gates include Gaussian gates such as displacement, squeezers, beam splitter and rotations, and a non-Gaussian gate [9] . The latter can be achieved in a system of trapped ions via the nonlinear interactions between motional modes [20] [21] [22] [23] .
Recently, the hybrid approach where both discrete and continuous variables are utilized simultaneously has garnered attention due to its potential to overcome intrinsic limitations of each approach [24, 25] . In the context of this approach, a non-Gaussian gate could also be implemented via a nonlinear interaction that arises from the coupling between internal and motional degrees of freedom of trapped ions [11] .
Here we report an experimental realization of a conditional beam splitter (CBS) gate with a single trapped 171 Yb + ion where, conditioned on the spin state of the ion, two motional modes undergo the beam splitter transformation [26] . We show that the CBS gate is a viable candidate as a non-Gaussian gate for CVQC, and demonstrate algorithms utilizing this gate. The interaction Hamiltonian describing the operation iŝ
whereâ (â † ) andb (b † ) are the annihilation (creation) operators of the motional modes a and b, ξ is the coupling strength, and υ is a phase factor set by system parameters. A phase υ = 0 gives rise to the unitary transformationÛ (t) = exp(−iξt |e e| (â †b +âb † )). The CBS gate is realized by applying the coupling for a time of τ = π 2ξ , U (τ ) =Û CBS . When applied to Fock states, we obtain the transformation
where |g (|e ) represents the ground (excited) spin state of the ion, and |n , |m are the Fock states of motional modes a and b.
The experiments are carried out on a single trapped 171 Yb + ion confined in a standard linear RF Paul trap, with secular trap frequencies (ω x , ω y , ω z ) = 2π × (0.96, 1.31, 0.53) MHz (Fig. 1) . The experimental sequences for all results reported in the paper begins with 2 ms of Doppler cooling, followed by 4 ms of Sisyphus cooling [27] . The x-and y-direction radial motional modes (corresponding to modes a and b respectively) are further sideband cooled down to their ground state, by driving two-photon Raman transitions via the hyperfine states | 2 S 1/2 , F = 0, m F = 0 and | 2 S 1/2 , F = 1, m F = 0 . The average phonon numbers after sideband cooling aren a = 0.004(3) andn b = 0.011(3). The heating rates areṅ a = 19.9(9) s −1 andṅ b = 44(3) s −1 . A frequency-doubled mode-locked picosecond Ti:Sapphire laser, with central frequency of 374 nm and repetition rate of 76.2 MHz, generates the pair of beams responsible for the Raman transition [21, 22, 28] . Detection of motional state is done by coupling it to the internal spin state via driving the blue or red sidebands [16, 17, 29] . The spin state is then detected with standard fluorescence techniques [18] .
With linear and mutually orthogonal polarization of the Raman beams (Fig. 1a) , a state dependent opti- cal dipole force can be achieved [30, 31] . Interfering the Raman beams gives rise to a running optical lattice where polarization oscillates between left and right circular, at a frequency ω L . This causes the state | 2 S 1/2 , F = 1, m F = 1 = |e to experience a modulated ac Stark shift, whereas | 2 S 1/2 , F = 0, m F = 0 = |g does not (Fig. 1d) . When ω L = |ω x − ω y |, the Hamiltonian Eq. (1) is realized, and for τ ≈ 400µ s the transformation Eq. (2) is obtained.
By preparing the motional modes in the Fock states |0 or |1 and applying the conditional beam splitter gate, one obtains a Fredkin gate (Fig. 2a) , where the state of the motional modes are swapped only if the spin is in the excited state |e [6, [32] [33] [34] [35] [36] . The Fock state |1 is prepared starting from the vacuum state |0 by applying a π-pulse to the blue sideband of the corresponding motional mode [16, 30] . We prepare all 8 possible basis states (See Fig. 2 ) and measure the probability of finding the system in one of the states after applying the CBS transformation (Eq. 2).
We measure the projection onto basis states by 3 consecutive projective measurements onto the spin state |g . We first perform state detection on the spin. If fluorescence is not detected, the internal state is projected into |g and the motional state does not change. Then, we ap- ply the red sideband (rsb) π-pulse to the mode a, followed by another spin detection. This projects the ion into the state |g, 0 if fluorescence is not detected. The same operation is repeated for mode b to find the probability of the ion in state |g, 0, 0 . The measurement sequence for other basis states are similar. For example, to measure |g, 1, 0 we apply a π-pulse on the carrier transition before the first rsb π-pulse.
The measured probability of obtaining each output basis state is shown in Fig. 2b , which agrees with the expected behavior of a Fredkin gate. Without correcting for any state preparation and measurement (SPAM) errors, we obtain a gate success probability [6, 33, 34] of 0.82 ± 0.01.
Generalization of the Fredkin gate to states |ψ , |φ in the Hilbert space of a larger dimension is the controlledswap (CSWAP) gate, which applies the transformation CS |e, ψ, φ = |e, φ, ψ if the control qubit is in state |e , and does not change the state if the control qubit is in state |g . The CSWAP gate has a number of known applications, including purity measurement, wavefunction overlap [37] , quantum fingerprinting [38] , quantum online memory checking [39] , quantum digital signature [40] , quantum zero knowledge proof [41] , and variational quantum algorithm [42, 43] . It is obvious from Eq. (2) that the CBS and CSWAP gates are different due to the extra state dependent phase factor. However, for input states which are eigenstates of the parity operatorP both gates produce similar results.
An example is the measurement of overlap between two states, φ|ψ , also known as a swap test [38, 40] . With an initial state |g, ψ, φ , applying the circuit shown in Fig. 3a gives a probability (1 − | φ|ψ | 2 )/2 to observe the spin in the state |e . The overlap | φ|ψ | 2 between states can thus be found from measuring the spin.
For the CBS gate, the swap test is carried out between an arbitrary state |ψ and a Fock state |m . We apply the sequenceR( (Fig. 3b) to an initial state |g, ψ, m . This yields the probability to measure the state |e at the end of the sequence:
is implemented by a microwave pulse with pulse area θ and phase ϕ, resonant with the |g → |e transition.
After the first π/2-pulse, the spin is in the superposition (|g − i |e )/ √ 2. In our experiment, the coherence time of the spin is ≈ 1.7 ms, which is comparable to the duration of a single CBS gate (τ ≈ 400 µs). To alleviate the effects of spin decoherence (mainly due to magnetic field fluctuations), we integrate spin echo into the gate sequence. A single CBS gate is split into two, each with a duration τ /2, and a microwave |g → |e π-pulse applied in between. The second CBS gateÛ (τ /2) has a phase υ = π relative to the first. Implementing this spin echo technique increases the spin coherence time to ∼ 7 ms. We note that applying the spin echo does not preserve the transformation Eq. (2) exactly, but the outcomes of the algorithms remain unchanged [44] .
We begin by measuring the overlap between Fock states |ψ, φ = |n, m , for n, m ∈ [0, 5]. By varying the phase ϕ of the last microwave π/2-pulse with respect to the first from 0 to 2π, we obtain the oscillating probability (Eq. 3) to observe |e with amplitude equal to the overlap. We perform 300 experiments for each 24 steps of the phase ϕ. The results shown in Fig. 3b are in agreement with the expected outcome of highest overlap probability along the diagonal. At higher Fock states we see reduction of overlap along the diagonal elements, and increasing overlap between n and m = n ± 1. We attribute this to heating of the motional modes that increases with n.
An application of the overlap measurement is reconstruction of the phonon number population of a motional state. For an arbitrary state |ψ = n c n |n , |c n | 2 can be determined by measuring the overlap of |ψ with |n . We demonstrate this by preparing a coherent state |α = exp(−|α| 2 /2)Σ n α n / √ n! |n and a Fock state |n . We carry out the overlap measurements in the same manner as before, but with 500 experiments per step of ϕ. For comparison, we extract the phonon number distribution by driving the blue motional sideband transition and carrying out Fourier analysis of the spin state time evolution [16, 17, 29] . The overlap measurement yields |α| 2 = 1.9(2), while the Fourier transform method gives |α| 2 = 1.8(1) (Fig. 3c) . The parity of the state |ψ can be measured by applying the gate sequenceR( Measuring the spin thus provides information about parity, which enables reconstruction of the Wigner function W (α) [45, 46] . The Wigner function can be written as
is the displacement operator, and ρ is a density matrix. Therefore the value of W (α) can be obtained by measuring the parity of the state after it has been displaced by α in the phase space. We perform the displacement by applying the optical dipole force modulated at the frequency of the corresponding mode ( Fig. 1d) with controlled phase and duration [31] . The Wigner function of a Fock state |n is W n (α) =
, where L n is the Laguerre polynomial [47] . Measurement results of W n (α) for modes initially prepared in Fock states n = 0 to 6 are shown in Fig. 4(b-h) . Due to imperfection in state preparation and heating effects, the experimental data deviates from the ideal case of a pure Fock state with increasing n. To account for these imperfections and to determine the phonon number distribution, the data are fit to a linear superposition of Wigner functions n d n W n (α), as the form of the density matrix is expected to be ρ = n d n |n n|. The fit is shown as a solid line in Fig. 4(b-h) . The effect of heating grows with increasing n as shown from the inset in Fig. 4 .
The CBS gate enables generation of NOON states |ψ NOON = (|n, 0 + |0, n )/ √ 2, similar to the method proposed in [11, 48, 49] . Despite its usefulness in quantum metrology [50, 51] , few experiments have demonstrated NOON state preparation for n > 2 [52] [53] [54] [55] .
We implement a deterministic NOON state preparation algorithm with a constant circuit depth (Fig. 5a ) that is independent of n. Starting with an initial state |g, n, 0 , the sequencê
generates a NOON state. The phase factor introduced by the CBS gate imposes a number dependence: when n is odd, we require ϕ = 0, while for even n, ϕ = π/2. Figure  5 shows the fidelity F = ψ NOON | ρ exp |ψ NOON = (P n,0 + P 0,n + 2ρ n0,0n )/2 and quantum Fisher information F Q = n 2 (2ρ n0,0n ) 2 /(P n,0 + P 0,n ) [55] for the prepared NOON states from n = 1 to 4 [44] . Here P n,0 = n, 0| ρ exp |n, 0 and ρ n0,0n = n, 0| ρ exp |0, n = 0, n| ρ exp |n, 0 . An ideal NOON state offers optimal scaling of phase sensitivity ∆φ that approaches the Heisenberg limit ∆φ = 1/n. We see that our prepared states allows measurement sensitivity that is only slightly better than that offered by states based on classical correlations. This deviation from the ideal case is attributed to decoherence of the motional state due to fast fluctuations of the radial trap frequencies. For the phonon superposition (|0 + |1 )/ √ 2, the x and y modes coherence times were measured to be 5.0(7) and 7(1)ms, respectively. However, for the superposition (|0 + |2 )/ √ 2, the coherence time decreases to 1.2(3)ms and 1.4(3)ms. As the decoherence rate scales like |n a − n b | 2 [56] , at higher n the superposition (|0 + |n )/ √ 2 rapidly dephases during the generation sequence. Improving the coherence time would improve the fidelity of the generated NOON states with larger n.
The combination of CBS gate and parity operator removes the state-dependent phase factor in Eq. 2, and implements a CSWAP gate [11, 37] . This requires an additional ancillary mode c initially prepared in vacuum state to implement a parity operator, and along with astute use of the phase υ in Eq. 1, can be realized as [37, 57] :
where the letters in the superscript denote modes that the gates are applied to. The beam splitter coupling between a, c and a, b is realized in the same manner. This enables implementation of an exponential swap (ESWAP) gate [11, 48] , which can be used for deterministic entanglement generation [49] , quantum principal component analysis (QPCA), and matrix inversion algorithms [48, [58] [59] [60] . The gate may also find uses in quantum thermodynamics [61] , quantum metrology and sensing [52] . Supplemental materials: Hybrid quantum computation gate with trapped ion system
EFFECTS OF SPIN ECHO ON MEASUREMENTS
In the experiments, we incorporate spin echo pulses into sequences in order to improve coherence time of the spin. This modifies the state evolution, but does not change the outcome of the algorithms. Analysis of each algorithm is carried out below.
For the beam splitter HamiltonianĤ
we denote its time evolution operation asÛ BS (t, υ) = exp − i Ĥ BS t . The conditional beam splitter Hamiltonian iŝ H CBS =Ĥ BS ⊗ |e e|, and its time evolution operator isÛ (t, υ) =Û BS (t, υ) ⊗ |e e| +Î ⊗ |g g|. Notation of the states are always ordered in the manner of spin, mode a, and mode b.
Swap test
The algorithm for swap test on an intial state |g, ψ, m with the conditional beam splitter iŝ
Evaluating the operations in Eq. S1 gives the final state
The overlap is found from the probability to detect the spin in state |g , which we evaluate to get
With spin echo, the entire sequence becomeŝ
which results in the final state
Working out the probability to detect the spin in the state |e , we get
where we have used the propertiesÛ BS (t, π) =Û † BS (t, 0) andÛ BS (t, 0)Û BS (t, 0) =Û BS (2t, 0) to obtain the last line. We see that Eq. S6 is equivalent to Eq. S3. The swap test therefore still works with spin echo; instead of detecting |g , one has to measure |e .
Single shot parity measurement
For the parity gate, we apply the following sequence to an initial state |g, ψ, 0
The final state after the sequence is
The outcome of spin measurements corresponds to parity of the state |ψ ; for odd (even) parity the spin state |g (|e ) is detected. Evaluating the outcomes, we get
With spin echo, the modified sequence iŝ
This gives the final state
Evaluating the spin measurement outcomes,
Comparison between the outcomes (Equations S7, S8, S9, and S10) show that implementing the spin echo pulse still allows parity to be measured, with the only difference being the associated parity and spin states. i.e. with spin echo, odd (even) parity corresponds to the spin state |e (|g ). gives rise to a 50:50 beam splitter transformation. The parity of each mode is measured by reconstructing its phonon number distribution, and is repeated for varying 50:50 beam splitter phase υ.
NOON state generation
To generate NOON states, the algorithms without spin echo are
For odd n, the final state obtained is
where the resultÛ BS π ξ , 0 |n, 0 = − |n, 0 for odd n was used to get the last line. Similarly for even n, we get
where the resultÛ BS π ξ , 0 |n, 0 = |n, 0 for even n was used. With the inclusion of spin echo, the algorithms are
For odd n, we get the final state
Density matrix element measurements of experimentally prepared NOON states from (a,b) n = 1 to (g,h) n = 4. (Left) By driving the "joint" blue motional sidebandĤjoint (Eq. S11), diagonal elements can be measured from Fourier transforming the time evolution of the probability to detect the spin in the excited state. The extracted population P d for each component Ω d is shown. (Right) Measurements of the off-diagonal elements are carried out by first subjecting the prepared NOON states to a phase shift of υ (Fig. S1 ), followed by a 50:50 beam splitter operation. This is done by applying the running optical lattice with a phase υ. The parity of each mode is then measured via reconstruction of the phonon number distribution. Shown in the figure are the measured parity versus beam splitter phase, where the contrast of parity oscillation yields the sum of off-diagonal elements for each n.
and for even n,
The transformationÛ BS π 2ξ , θ |n, m = (−i) n+m e i(m−n)θ |m, n was used for both odd and even cases to obtain the final state. For both odd and even n, NOON states can still be produced with the inclusion of spin echo pulses.
NOON STATE ANALYSIS
During the NOON state generation experiment the density matrix ρ exp is produced. To determine its fidelity F = ψ NOON | ρ exp |ψ NOON , we need information of both the diagonal and off-diagonal density matrix elements [55] . Diagonal elements correspond to the population of the motional states |n, 0 and |0, n , which we measure by making use of the "joint" blue sidebandĤ
Hereσ ± refer to the usual spin raising and lowering operators. The Hamiltonian Eq. S11 couples the states |n a , n b ↔ |n a + 1, n b + 1 with a Rabi frequency Ω d = √ d + 1Ω 0 = (n a + 1) (n b + 1)Ω 0 , where d = n a n b + n a + n b . Experimentally we implement this interaction by driving the second order motional sideband detuned by ω a + ω b from the | 2 S 1/2 , F = 0, m F = 0 to | 2 S 1/2 , F = 1, m F = 0 transition. Time evolution of the probability to detect the spin in the excited state while driving the joint blue sideband can then be expressed as
which allows extraction of the population P d by a Fourier transformation and determines population of the states |n, 0 and |0, n . Results of extracting the Fourier components from time evolution measurement of the spin is shown in Fig. S2 . For n = 1, 2, 4, the components P d directly give the total population of the states |n, 0 and |0, n . However for n = 3, the states |3, 0 , |0, 3 , and |1, 1 share the same Rabi frequency. To account for the contribution of the state |1, 1 , we additionally determine the population of the state |1 present in each of the a and b modes. The smaller value of the two gives an upper bound to the component of |1, 1 , and is deducted from P 3 . Measurement of the off-diagonal density matrix elements is done by subjecting the prepared NOON state to a phase shift υ, followed by a 50:50 beam splitter. Experimentally we achieve this by varying the phase of the applied running lattice that gives rise to the 50:50 beam splitter. The parity of each mode is then measured by reconstructing the phonon number distribution (Fig. S1) . Oscillation of the parity as a function of phase shift indicates coherence, and its contrast gives the sum of off-diagonal matrix elements [62] . The results of measuring parity versus phase of the applied 50:50 beam splitter is shown in Fig. S2 .
